In this paper we show that there is no left adjoint to the inclusion functor from the full subcategory C 0 of Scott domains (i.e., consistently complete !0algebraic cpo's) to SFP, the category of SFP-objects and Scott-continuous maps. We also show there is no left adjoint to the inclusion functor from C 0 to any larger category of cpo's which contains a simple ve-element domain. As a corollary, there is no left adjoint to the inclusion functor from C 0 to the category of L-domains.
the family of non-empty lower sets of K(D) which are contained in some order ideal, again with the inclusion order.
In case that D is conditionally bounded (a term we dene below), then C(D) is the family of bounded Scott-closed subsets of D. We show that the conditionally bounded domains are exactly those which are compact in the lower topology; as a result, each coherent domain is conditionally bounded, so SFP-objects are in this class.
In addition to describing C(D) in terms of the Scott-closed subsets of D, we also describe C(D) as an information system [7] , for the case that D is conditionally bounded. This description is quite pleasing, since it is given in terms of the family P <! (K(D)) of non-empty, nite subsets of the set K(D) of compact elements of D. Thus, C(D) can be viewed in much the same way that each of the standard power domains, the Hoare, Smyth and Plotkin power domains over D is usually described (cf. [3] ). Moreover, we describe the action of C on morphisms in the category A in terms of approximable mappings, the information system analogue of Scott-continuous maps between Scott domains. However, C(D) is not a nondeterministic algebra, and so this is not a new power domain construction.
Power domains are the domain-theoretic analogue of the power set; they are needed to model nondeterministic languages. In [3] , Hennessy and Plotkin characterize each of the standard power domains as a left adjoint; in each case, they construct an appropriate category of nondeterministic algebras, and show that the power domain construct in question is a left adjoint to an obvious inclusion functor. We show that, if (D; +) is a nondeterministic algebra in the sense of [3] , then C(D) carries an additional structure which is analogous to the nondeterministic + operator on D. This operation on C(D) is commutative and associative, but it is not idempotent. We characterize those elements of C(D) which are idempotent under the induced operator; they include the image of D under the embedding of D into C(D). We dene the notion of a nondeterministic semigroup, a generalization of a nondeterministic algebra, and of a Scott semigroup, a Scott domain which is equipped with a Scott-continuous, commutative semigroup operation. Then we show that C induces a left adjoint to the inclusion functor from the category of Scott semigroups and Scott semigroup maps to the category of nondeterministic semigroups and nondeterministic semigroup maps. In this way, we construct an analogue for the Plotkin power domain in the category of Scott domains, namely the Scott semigroup C(P P (D)) over the Plotkin power domain P P (D) over D.
A Simple Counterexample
We begin our presentation with a review of the relevant facts concerning algebraic cpo's, and then we present a simple example which shows that there is no adjunction to the inclusion functor from the full subcategory C of consistently complete algebraic cpo's to the category A of algebraic cpo's and Scott-continuous maps. In fact, this example shows that no such adjunction can exist between any category of consistently complete algebraic cpo's and Scottcontinuous maps and any containing category of algebraic cpo's which also contains a simple ve-element domain.
To begin, a subset X D of a partially ordered set D is directed if each nite subset of X has an upper bound in X. Note that directed sets are always non-empty, since the empty set is nite. A complete partial order (cpo) is a partially ordered set D in which each directed subset has a least upper bound and which has a least element, which we denote by ?. An element k 2 D is compact if, for every directed subset X D with k F X, there is some x 2 X with k x. The set of compact elements of D is denoted K(D), and clearly ?2 K(D). If x 2 D, then we use the notation #x = fy 2 D j y xg and "x = fy 2 D j x yg. Also, K(x) = #x\K(D) for each x 2 D. The cpo D is algebraic if K(x) is directed and x = F K(x) for all x 2 D. A domain is an algebraic cpo whose set of compact elements is countable.
The algebraic cpo D is consistently complete if each subset of D which has an upper bound has a least upper bound. A Scott domain is a consistently complete domain. Lastly, an Ldomain is a domain D in which #x is a complete lattice for each x 2 D. These domains were introduced by Jung [5] , where he showed that L-domains and Scott-continuous maps form a maximal cartesian closed category of domains. We denote by A the category of algebraic cpo's and Scott-continuous maps, and by C (respectively, C 0 , SFP, LD), the full subcategory of consistently complete algebraic cpo's (respectively, Scott domains, SFP-objects, L-domains).
Lastly, by an algebraic lattice we mean a complete lattice which also is an algebraic cpo.
Example Let D 0 = f?; x; y; a; bg denote the ve-element poset which satises ?< x; y < a; b, and no other pairs are related. Also, let E 0 = f?; x; y; z; a; bg denote the six-element poset with ?< x; y < z < a; b, and no other pairs are related. The Hasse diagrams of these posets are given below. The rst two of these results are achieved using the Smyth power domain, while the third uses the family of bounded, Scott-closed subsets. And, on the object level, E 0 is the free Scott domain associated to D 0 in each of these cases.
A Basic Adjunction
In this section we review the basic results about the Scott topology on an algebraic cpo. We also take the opportunity to present the Hoare power domain as an adjoint using the topological tools we construct. This adjunction is between the category A of algebraic cpo's and Scott-continuous maps and the category AL 0 of (complete) algebraic lattices and maps preserving all non-empty suprema. But this adjunction is not one of the types we are most interested in, since the domain for the inclusion functor is a category of algebraic lattices, rather than a category whose objects consist of all Scott domains (or, more generally, all consistently complete algebraic cpo's). However, this result is still important for the ones to come later, since it provides a motivation for the construction we give using the bounded, Scott-closed subsets of an algebraic cpo D. The spectral theory of sober spaces and complete Heyting algebras plays a central role in our development, so relevant portions of that theory are also included. The following result summarizes the basic facts about the Scott topology on a algebraic cpo D; all the proofs are straightforward. ii) The Scott topology on D is T 0 , compact, and locally compact (i.e., each point has a neighborhood basis of compact sets A lattice L is bialgebraic if L is algebraic in both its given order, , and in the dual order, op . The following result shows that 0(D) is rather special in that it is bialgebraic. The compact elements for both orders also are singled out. 
Moreover, the hull-kernel topology on Pr [ 0(D) is the inherited Scott topology from 0(D).
Proof It is routine to verify that # F 2 K(0(D); ) for any nite subset F K(D). Furthermore, given any X 2 0(D), it is easy to see that
This set also is directed for each X 2 0(D), and it follows that Hence,
where F = fk 1 ; : : : ; k n g. Since k i 2 K(D), Dn"k i is closed, and so Pr [ 0(D) n U is a nite union of hull-kernel closed sets, hence itself is hull-kernel closed.
2
Since 0(D) also is distributive, it follows that 0(D) is completely distributive; in fact, 0(D) is a complete ring of sets (see, e.g., [9] ). We now show how to use the Smyth power domain to construct a left adjoint to the inclusion functor from the lluf subcategory C^of Scott domains and Scott-continuous maps preserving nite, non-empty inma to A, and from C u , the category of Scott domains and Scott-continuous maps preserving all non-empty inma, to the full subcategory of A consisting of coherent algebraic cpo's.
Denition Let X be a topological space and let A X. The saturation of A is the set sat(A) = T fU X j A U is openg. The subset A of X is saturated if A = sat(A). We denote by Q(X) the family of non-empty saturated compact subsets of X, i.e. Q(X) = fC X j ; 6 = C is saturated and compactg:
Since sat(A) U if and only if A U , for every open set U , the saturation of a set is compact if and only if the set is compact. If D is an algebraic cpo, then C D is saturated if and only if C ="C is an upper set; this follows from the fact that every Scott-open subset is an upper set and the intersection of upper sets is an upper set. The following result is crucial to our development. Since the empty set is open, it follows that if X is sober and F is a lter basis of compact saturated sets whose intersection is empty, then one of the sets in F must be empty. We now show that "F 2 K(Q(D)) for each F K(D) nite and non-empty. Indeed, since F K(D) is nite and non-empty, it follows that "F 2 Q(D). Suppose that X is a directed subfamily of Q(D) with "F F X . Since the order of Q(D) is reverse containment and X is directed, X is a lter-basis, and F X = T X . Moreover, since "F is open in D, it follows from Theorem 4.1 that X "F for some X 2 X . Hence "F 2 K(Q(D)) for each F K(D) nite and non-empty. Let C D be saturated and compact, and let x 2 D n C. Since C is saturated, C is the intersection of open sets, so C ="C. Since x 6 2 C ="C, it follows that for each c 2 C, there is some k 2 K(D) with k c and k 6 x, and the compactness of C implies we can nd nitely many such k i , i = 1; ::; n, with C S i "k i and k i 6 x for each i. Then F = fk 1 ; :::; k n g is a nite non-empty subset of K(D) with C "F and x 6 2"F. It follows that
is nite and non-emptyg;
and it is routine to show this family is directed. Thus K(C) is a directed subset of Q(D) whose supremum in Q(D) is C. Since C is an arbitrary element of Q(D), it follows that Q(D) is an algebraic cpo and that K(Q(D)) = f"F j ; 6 = F K(D) is niteg. 2
Denition Let P be a poset. If x; y 2 P , then a complete set of upper bounds for fx; yg is a family M P such that "x \ "y ="M. An algebraic cpo D is coherent if each pair of compact elements of D has a nite, complete set of minimal upper bounds. It is easy to show that, in an algebraic cpo D, a minimal upper bound of a pair of compact elements is again compact. Thus, for a coherent domain D, the set of minimal upper bounds of a pair of compact elements consists of compact elements. It's an easy exercise to show that the class of coherent domains contains all consistently complete domains. Somewhat harder to show is the fact that SFP-objects also fall within this class (cf. [5] ). However, not all L-domains are coherent, as simple examples demonstrate (cf., e.g., the example at the beginning of Section 5). Lemma 4.3 Let D be an algebraic cpo, and let "F; "G 2 K(Q(D)) be compact elements of Q(D). Then "F _ "G exists in Q(D) if and only if "F _ "G ="F \ "G.
Proof Suppose that "F; "G 2 K(Q(D)) have an upper bound C 2 Q(D). Then C "F \ "G. Conversely, let x 2"F \ "G. Since D is algebraic and "F \ "G is Scott open, there is some compact element k 2 K(x) with x 2"k "F \ "G. And, since "k 2 Q(D), it follows that "F; "G v"k in Q(D). Thus, x 2"k "F _ "G. Since x 2"F \ "G is arbitrary, we have "F _ "G ="F \ "G, as claimed.
Conversely Proof 
Now
andf is the unique map from Q(D) to E with this property, since each non-empty compact saturated subset of D is the inmum in Q(D) of sets of the form "F, for F D nite, and f uniquely determinesf on these sets.
Our presentation of the adjunction between C^and A is in terms of the compact saturated subsets of the algebraic cpo D, but this is just another representation of the Smyth power domain. This object was originally dened as the ideal completion of the family P <! (K(D) of nite, non-empty subsets of the domain D under the preorder F v G if and only if (8y 2 G)(9x 2 F ) x y. In fact, Smyth [15] also has given the topological representation of the Smyth power domain that we have presented; for completeness sake, we include a proof that this representation is the same as the one via the nite non-empty subsets of the compact elements. Proof Recall that the Smyth power domain P S (D) over D is the ideal completion of the family of nite, non-empty subsets of K(D) in the order given by F v G if and only if (8y 2 G)(9x 2 F ) x y, which is equivalent to G "F. Thus, the map sending such a set F to "F is an order isomorphism of K 
(P S (D)) onto K(Q(D)), according to Corollary 4.2. It follows that the mapping extends to an order-isomorphism of P S (D) onto Q(D).
2 The next adjunction we present relates a second lluf subcategory of C. This time the morphisms are those Scott-continuous maps which preserve all non-empty inma. This is a reasonable family of morphisms to consider, since consistently complete cpo's are closed under the formation of all such inma. In fact, this observation makes clear the remark that the only dierence between consistently complete algebraic cpo's and algebraic lattices is whether there is a largest element. Indeed, every consistently complete algebraic cpo gives rise to an algebraic lattice whose largest element is compact, by simply adding such a largest element to the domain. Conversely, each consistently complete algebraic cpo arises from such an algebraic lattice by deleting the largest element.
If D and E are coherent algebraic cpo's and f : D ! E is Scott continuous, then we can characterize in completely topological terms when f preserves ltered inma. This may not seem so surprising when one realizes that preservation of ltered inma is the same as saying f : D op ! E op is Scott continuous. Nonetheless, the result which we obtain does not refer to the dual Scott topology at all. We rst bring some additional topological tools to bear. Denition Let D be an algebraic cpo. The lower topology on D has the family f"x j x 2 Dg as a subbasis for the family of closed sets; this topology is denoted !(D). The Lawson topology on D, denoted (D) , is the common renement of (D) 
and !(D).
It is well-known that the Lawson topology on an algebraic cpo D is Hausdor, and it can be shown using Theorem 4.1 that the Lawson topology is compact if and only if D is coherent (cf. [5] ). Finally, we show that 2) also implies that f preserves ltered inma. Indeed, since f is monotone, if F D is a ltered set and^F exists, then f (^F ) f (x) for every x 2 F . But, if y 2 E is a lower bound for f (F ), then "y is Lawson closed in E, so the same is true of f 01 ("y). Since f is monotone, this set also is an upper set, and it contains the set F . So, we will be done if we show that ltered sets which have an inmum converge to their inmum in the Lawson topology. And, since principal upper sets are closed, any limit point of a ltered set must be in the upper set of the inmum of the set. But, if G is ltered and^G exists, then any Lawson-open set containing^G has the form "kn"B, where B is some nite subset of D. Since^G = 2"B and B is nite, it follows from the fact that G is ltered that G 6 "B, and this means there is some g 2 G such that g 0 2 G and g g 0 imply g 0 = 2"B. But, k ^G implies that G "k, and so g 0 2"kn"B for all g 0 2 G with g 0 g. Thus G converges to^G in the Lawson topology, which concludes our proof. 2
We now show that the class of conditionally bounded algebraic cpo's is reasonably large, and we begin with the following result gives a topological characterization of these cpo's. One of the advantages of working with Scott domains is their convenient representation in terms of information systems. In this representation, one can solve recursive domain equations up to equality, rather than simply up to isomorphism. In this section we give the information system representation of the Scott domain C(D) for any !0algebraic cpo D.
Denition An information system is a quadruple A = (A; ?; Con;`), where A is a countable set, ? is an element of A, Con is a family of non-empty nite subsets of A, and` Con 2 A is the entailment relation, satisfy the following properties:
A subset x A is consistent if X 2 Con for each nite subset X x, and x is deductively closed if, for X x nite and a 2 A with X`a, it follows that a 2 x. If X 2 Con and F A is a nite subset satisfying X`a for each a 2 F , then we write X`F . The elements jAj of the information system A is the family jAj = fx A j x is consistent and deductively closedg: In the information system approach, Scott- iii) The functor P P which associates to an algebraic cpo D the Plotkin power domain P P (D)
is left adjoint to the inclusion functor from N D to A. 2
To be a nondeterministic algebra, a domain D must have a continuous binary operation which is commutative, associative and idempotent; i.e., D must be a topological semilattice in the Scott topology. The typical example is the Hoare power domain of a domain D, which is simply the family 0(D) of non-empty Scott-closed subsets of D, with the semilattice operation being the union operation. The binary operation on D is to be used to give a semantic meaning to the nondeterministic choice operator in the language which D is to model. For reasons which will become apparent below, we need to generalize the concept of nondeterministic algebra somewhat. Finally, assume that D is a nondeterministic algebra, and let X 2 C(D). Then, X is idempotent under 8 if and only if X 8X = X, which is true if and only if fx + y j x; y 2 Xg = X. Since x = x + x 2 fx + y j x; y 2 Xg for each x 2 X, this is clearly amounts to the property that x + y 2 X for each x; y 2 X. Thus, X 
